Preliminaries
Now we state the propositions: (ii) k − x 2 + y 2 − x 1 + y 1 = k − (x 2 + (x 1 − y 2 )) + (y 2 − x 1 + y 1 ).
Proof: x 2 + (x 1 − y 2 ) k by [12, (8) ]. (6) Let us consider natural numbers x, y. If x + y > 0, then x > 0 or y > 0.
From now on a, b denote objects and I, J denote sets. Let us consider I. Let J be a non empty set. Let us note that every function from I into J is total and there exists a relational structure which is asymmetric, transitive, and non empty.
Let us consider I. One can verify that there exists a binary relation on I which is asymmetric and transitive.
Let R be a transitive relational structure. Observe that the internal relation of R is transitive.
Let R be an asymmetric relational structure. Let us observe that the internal relation of R is asymmetric.
Let us consider I. Let p, q be I-valued finite sequences. Let us observe that p q is I-valued. Now we state the proposition: Let us consider I. Let f be an I-valued finite sequence and n be a natural number. Let us note that f n is I-valued. Now we state the propositions: (8) Let us consider a finite sequence p. Suppose a ∈ rng p. Then there exist finite sequences q, r such that p = (q a ) r.
(9) Let us consider finite sequences p, q. Then p ⊂ q if and only if len p < len q and for every natural number i such that i ∈ dom p holds p(i) = q(i). Proof: If r p ⊂ r q, then p ⊂ q by [4, (22) ], (9) , [15, (30) ], [4, (28) ]. Let R be an asymmetric, non empty relational structure and x, y be elements of R. Let us observe that the predicate x y is asymmetric. Now we state the proposition:
(11) Let us consider an asymmetric, non empty relational structure R, and elements x, y of R. Then x y if and only if x < y.
Relational Extension
Let us consider I. A multiset of I is an element of I ⊗ . Observe that every multiset of I is I-defined and natural-valued and every multiset of I is total.
Let m be a natural-valued function. Let us note that the functor support m is defined by the term (Def. 1) m −1 (N \ {0}).
Let us consider I. One can check that every multiset of I is finite-support. Now we state the propositions: (12) a is a multiset of I if and only if a is a bag of I.
Let R be a relational structure and x, y be elements of R. We say that x ≡ y if and only if (Def. 2) x y and y x.
Observe that the predicate is symmetric. We consider relational multiplicative magmas which extend multiplicative magmas and relational structures and are systems a carrier, a multiplication, an internal relation where the carrier is a set, the multiplication is a binary operation on the carrier, the internal relation is a binary relation on the carrier.
We consider relational monoids which extend multiplicative loop structures and relational structures and are systems a carrier, a multiplication, a one, an internal relation where the carrier is a set, the multiplication is a binary operation on the carrier, the one is an element of the carrier, the internal relation is a binary relation on the carrier.
Let M be a multiplicative loop structure. A relational extension of M is a relational monoid and is defined by (Def. 3) the multiplicative loop structure of it = the multiplicative loop structure of M . Let M be a non empty multiplicative loop structure. Let us observe that every relational extension of M is non empty.
Let M be a multiplicative loop structure. One can check that there exists a relational extension of M which is strict.
Let us consider a multiplicative loop structure N and a relational extension M of N . Now we state the propositions: (12) and (14) . The scheme RelEx deals with a non empty multiplicative loop structure M and a binary predicate R and states that 
].
Dershowitz-Manna Order
Let R be a non empty relational structure. The Dershowitz-Manna order R yielding a strict relational extension of (the carrier of R) ⊗ is defined by 
theorem is a consequence of (4). Now we state the propositions: 
Let R be an asymmetric, transitive, non empty relational structure. Let us observe that the Dershowitz-Manna order R is defined by (Def. 5) for every elements m, n of it, m n iff m = n and for every element a of R such that m(a) > n(a) there exists an element b of R such that a b and m(b) < n(b). Now we state the proposition: (27) Let us consider bags k, x 1 , x 2 , y 1 , y 2 of I. Suppose x 2 | k and
The theorem is a consequence of (5). Let R be an asymmetric, transitive, non empty relational structure. Let us observe that the Dershowitz-Manna order R is asymmetric and transitive.
Let us consider I. The functor DivOrder(I) yielding a binary relation on Bags I is defined by (Def. 6) for every bags
Now we state the proposition:
Let us consider I. Note that DivOrder(I) is asymmetric and transitive. Let us consider an asymmetric, transitive, non empty relational structure R. Now we state the propositions:
(29) DivOrder(the carrier of R) ⊆ the internal relation of the DershowitzManna order R. The theorem is a consequence of (12) and (14). (30) Suppose the internal relation of R is empty. Then the internal relation of the Dershowitz-Manna order R = DivOrder(the carrier of R). The theorem is a consequence of (29). Now we state the proposition: (31) Let us consider asymmetric, transitive, non empty relational structures R 1 , R 2 . Suppose the carrier of R 1 = the carrier of R 2 and the internal relation of R 1 ⊆ the internal relation of R 2 . Then the internal relation of the Dershowitz-Manna order R 1 ⊆ the internal relation of the DershowitzManna order R 2 . The theorem is a consequence of (12) and (14).
Monoidal Order
Let us consider I. Proof: Set f = p b . Consider F being a function from N into Bags I such that f = F (len f ) and F (0) From now on b denotes a bag of I. Now we state the propositions:
The theorem is a consequence of (33) and (32). 
The theorem is a consequence of (35) and (34).
The theorem is a consequence of (8), (7) Observe that the functor b yields a partition of b. Let R be a relational structure, M be a relational extension of (the carrier of R) ⊗ , b be an element of M , and p be a partition of b. We say that p is co-ordered if and only if (Def. 9) for every natural number i such that i, i + 1 ∈ dom p for every elements The functor LexOrder(I, R) yielding a binary relation on I * is defined by (Def. 14) for every I-valued finite sequences p, q, p, q ∈ it iff p ⊂ q or there exists a natural number k such that k ∈ dom p and k ∈ dom q and p(k), q(k) ∈ R and for every natural number n such that 1 n < k holds p(n) = q(n). Let R be a transitive binary relation on I. One can verify that LexOrder(I, R) is transitive.
Let R be an asymmetric binary relation on I. Note that LexOrder(I, R) is asymmetric. Now we state the proposition: (60) Let us consider an asymmetric binary relation R on I, and I-valued finite sequences p, q, r. Then p, q ∈ LexOrder(I, R) if and only if r p, r q ∈ LexOrder(I, R). The theorem is a consequence of (10). Let us consider R. The functor ≺≺ M R yielding a strict relational extension of (the carrier of R) ⊗ is defined by (Def. 15) for every elements m, n of it, m n iff the ordered partition of m, the ordered partition of n ∈ LexOrder((the carrier of ≺ M R), (the internal relation of ≺ M R)). Observe that ≺≺ M R is asymmetric and transitive. Now we state the propositions: 
